In this paper, we classify the class of constant weighted curvature curves in the plane with a log-linear density, or in other words, classify all traveling curved fronts with a constant forcing term in R 2 . The classification gives some interesting phenomena and consequences including: the family of curves converge to a round point when the weighted curvature of curves (or equivalently the forcing term of traveling curved fronts) goes to infinity, a simple proof for a main result in [13] as well as some well-known facts concerning to the isoperimetric problem in the plane with density e y .
Introduction
Consider the following equation div ∇u
where u : U ⊂ R n −→ R, U is an open domain and b is a constant. This is the equation for self-similar translators with constant velocity a of a mean curvature flow (MCF) with constant forcing term H = b ∂u ∂t = 1 + |∇u| 2 div ∇u
MCF (2) can be thought of as a generalization of the classical MCF when H = 0 and a = 1 or as a modified version of MCF with constant forcing term in Minkowski space, a problem studied by Ecker and Huisken [7] , followed by Aarons [1] , H. Jian et al. [12] , [14] and others. Equation (1) appears in the study of traveling curved fronts, originated by the research of vortex motion of Ginzburg-Landau superconduction equation or by the research of interfacial phenomena, and in several other fields in Physics (see [20] , [13] ).
It also appears in the study of constant weighted mean curvature hypersurfaces in R n+1 with a log-linear density.
The study of the geometry of manifolds with density has increased in the last seven years after the appearance of Morgan's paper "Manifolds with density" published in the Notices Amer. Math. Soc. journal in 2005. A manifold with density is a Riemannian manifold with a positive function, called the density, used to weight both volume and hypersurface area. On a manifold with density f = e ϕ , the weighted mean curvature of a hypersurface with unit normal N is defined as follows
where H is the (Riemannian) mean curvature of the hypersurface.
For more details about manifolds with density and some relative topics we refer the reader to [2] - [6] , [8] , [9] , [15] - [19] , [21] .
A typical example of manifolds with density is Gauss space G n , the Euclidean space R n with Gaussian probability density f = (2π)
2 , that is very interesting to probabilists. Weighted minimal hypersurfaces, i. e. H f = 0, in Gauss spaces are known as self-similar shrinkers. This is one of three types of self-similar solutions of MCF (selfsimilar shrinkers, self-similar translators and self-similar expanders) that are most studied recently. Self-similar translators are just weighted minimal hypersurfaces in R n+1 with a log-linear density f, that is f = e ϕ , where ϕ( [8] ). Indeed, let Γ u ⊂ R n+1 be the graph of the function u. Because div ∇u/ 1 + |∇u| 2 = nH, and a/ 1 + |∇u| 2 = a N, e n , where H is the mean curvature of Γ u and N is the unit normal of the graph; Equation (1) can be rewritten as
where c = b/n and H f := H − (a/n) N, e n+1 is the weighted mean curvature of Γ u with density e ax n+1 . Therefore, solutions of Equation (1) are constant weighted mean curvature hypersurfaces in R n+1 with a log-linear density f = e ax n+1 . Weighted minimal hypersurfaces in R n+1 with the density f = e x n+1 (self-similar translators of MCF) are solutions of (4) for a = 1 and c = 0.
The classification of all constant weighted curvature hypersurfaces as well as weighted minimal hypersurfaces in R n+1 with a general log-linear density is equivalent to the one with the density f = e x n+1 (see Section 2) . In other words, we can assume that the velocity a = 1 in the classification of all self-similar translators of the MCF (2).
Self-similar translators of MCF play a crucial role in the study type II singularities of the flow (see [10] , [11] ). Beside lines, the first example of self-similar translators in the plane, the Grim Reaper, was discovered by Calabi. For higher dimensional cases, only a few specific examples of self-similar translators are known. In terms of weighted minimal surfaces in R 3 with density e z , some cylindrical type examples have been showed in [8] . In this paper, we solve Equation (4) for parametric curves in the simplest case n = 1 and therefore give the classification of constant weighted curvature curves in the plane with a log-linear density, or in other words, the classification of all traveling curved fronts with a constant forcing term in R 2 . Although the classification is elementary, it gives some interesting phenomena and consequences including: the family of curves converge to a round point when the weighted curvature of curves goes to infinity (see Section 5); a simple proof for a main result in [13] as well as some well-known facts concerning to the isoperimetric problem in the plane with density e y .
The quantity N, e n+1 is just the projection of N on the x n+1 -axis. This quantity and the mean curvature are invariant under rigid motions. Therefore, when study any problem concerning only to weighted mean curvature, without loss of generality we can assume that ϕ = ax n+1 . Moreover, we can assume a = 1. Now consider the plane with density e ay . This is a plane of zero generalized Gauss curvature, G ϕ = G − ϕ, where G is the classical Gauss curvature. The notion of generalized Gauss curvature was introduced in Corwin et al. [4] to study the generalization of the Gauss-Bonnet formula for surfaces with densities, which is finally found in the most general form for the case of unrelated densities in [5] .
Let α(s) = (x(s), y(s)) be a parametric curve with arc length parameter s, and let β(s) = (1/a)(x(as), y(as)). Denote by k f (α) the weighted curvature of α corresponding to the density f = e y and k f (β) the weighted curvature of β corresponding to the density f = e ay . By a simple computation, it is showed that the weighted curvature of α in R
while the weighted curvature of β in R 2 with density f = e ay is k f (β) = ax y − ax y − ax .
Therefore, we get
3 Constant weighted curvature curves in the plane with density e y For solving Equation (4) to classify all constant weighted curvature curves in the plane with density e ay , by Lemma 1, we can assume that a = 1. Moreover, because the weighted curvature of a curve is invariant under translations, some constant of integration will be omitted for simplicity.
Equation (4) for a parametric curve α(s) = (x(s), y(s)) with arc length parameter is
Set
Then, the equation (7) reads as follows:
If cos(2ξ) = c for all s, then the equation (9) is rewritten as follows
3.1 The case of c < −1 (see Figure 6 .1)
Equation (10) can be rewritten as
Thus,
because c + 1 < 0. From (11), we have
Integrating both sides of (12), we obtain
Substitute a = c − 1 c + 1 into (13), we get Then, by Equation (8)
Integrating both sides (14), we obtain
3. . In the case of c = 0, the slope of the lines is ∞, i.e. the lines are vertical.
If this is not to be the case, Equation (10) is equivalent to
Solving (16) We have two cases to consider: In this case, we have 
Substitute 
Integrating both sides of (18), we obtain
Case 2: 
Remark 2. we can verify that
Therefore the traces of the curves defined by equation (19) and (20) are symmetric to the x-axis.
2. When c = 0, Equation (19) and (20) are the equations of the Grim Reapers (see Figure 6 .4)
3. From Equation (21) we can deduce some simple facts (see also Figure 6 .4).
(a) Two zero weighted curvature curves intersect in at most one point. Therefore, the geodesic connecting two points if exists is unique.
(b) If the difference of the x-coordinates of two given points is not less than π, then there exists no geodesic connecting these points.
(c) If the difference of the x-coordinates of two given points is less than π, then there exists a unique zero weighted curvature curve connecting these points and this curve is the shortest path which can be proved directly.
3.4
The case of c = 1 (see Figure 6 .
2)
If there exists s 0 so that cos[2ξ(s 0 )] = 1, then ξ(s) = ξ(s 0 ) is the unique solution of the equation (9) and the corresponding curves are straight lines parallel to the x-axis. If cos 2ξ(s) = 1 for all s, then the equation (10) becomes
Thus, d(cot ξ) = ds, and therefore, cot ξ = s.
Then, by Equation (8)
y (s) = 2s 1 + s 2 .
(22)
Integrating both sides (22) yields
We can see that the curves determined by (15) and (23) have the same traces but have opposite directions.
3.5 The case of c > 1 (see Figure 6. 
6)
With similar arguments as in the case of c < −1, we have
Therefore,
Integrating both sides of (25) and substituting a = c − 1 c + 1 into the result, we get
Classification of constant weighted curvature curves
Combining the above results, up to translations, the classification of constant weighted curvature curves in the plane with density e y is stated as follows.
Theorem 3.
1. A curve with weighted curvature zero is either a straight line (parallel to the y-axis) or the Grim Reaper defined by (see Figure 6 .4)
x(s) = 2 arctan(e s ),
2. A curve with constant weighted curvature |k ϕ | < 1 is either a straight line or the one defined by (see Figure 6 .3, Figure 6 .5)
3. A curve with constant weighted curvature ±1 is either a straight line (parallel to the x-axis) or the one defined by (see Figure 6 .2)
4. A curve with constant weighted curvature |k ϕ | > 1 is defined by (see Figure 6 .1, Figure 6 .6)
5 Some consequenses
1. The figures in the next section seem to show that if the weighted curvature c goes to ±∞ then the limit of the curves is a point. For looking the behaviour of curves near the limit point we can use the standard technique of rescaling the curves by a scale factor √ c 2 − 1. We give a proof for the case of c → ∞. The proof for c → −∞ is quite similar. Suppose that α(c) is a curve with arc length parameter and of constant weighted curvature c > 1. Let β(c) = √ c 2 − 1α(c). The curvature of β is (1/ √ c 2 − 1)k(α(c)), where k(α(c)) is the curvature of the curve α(c). By Equation (7), k(α(c)) = x + c. Therefore
It is not hard to check that
Thus, the family of curves converges to a round point when c goes to infinity.
2. The study of traveling fronts of curve flow with external force field for the simple case ∇w = (c 1 , c 2 ) leads to the following equation (see [13] ):
One of the main results in [13] stated that, the solution of (27) with an initial conditions is either a line or the Grim Reaper. In terms of weighted curvature, solutions of (27) are just zero weighted curvature curves in the plane with density f = e −c 1 x+(c 2 −c)y , which are also zero weighted curvature curves in the plane with density f = e y under a suitable change of coordinates. In other words, the solutions are self-similar translators in the plane which are known to be either lines or Grim Reapers.
3. Proposition 4.8 in [2] , which states "The plane with density e x contains no isoperimetric region", can be deduced from the classification. It is clear from the classification (and the figures) that isoperimetric curves, i.e. curves bounding isoperimetric regions (in case of existence), must have infinite weighted length or singularities. 
